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TWO CLASSES OF MOTION OF THE KOVALEVSKAIA TOP

A.I., DOKSHEVICH

The motions of the Kovalevskaia top /1/ is studied for the case when the ultraellip-
tical integrals degenerate to the elliptical integrals /2-—-6/. The Appel’'rot term-
inology is used to investigate the fourth class of simplest motions of the body,and

one particular case belonging to the third class. The mathematical apparatus
developed by Kovalevskaia is not used directly. An elementary transformation of the
initial Euler— Poisson equations is used as the basis of the investigation. This

yields explicit relations connecting all unknown variables with time, and these ir
turn are used to show the gerieral laws governing the motions. The motions can be
divided into the oscillatory and asymptotic motions, depending on the initial para-
meters. The Bobylev—Steklov motion or its particular case of a body rotating about
a fixed axis as a physical pendulum, represents the limiting mode for all asymptotic
motions.

1. Transformation of equations. Under the Kovalevskaia conditions the Euler—Pcisson

equations and their algebraic first integrals are usually written in the form

dp dq L, dr 5
=g, g =—rp—¥, =Y (.
dy P A ay”

S =TV g =YV g =P
p? b gh) 1% — 2p = Bl 2{py + ¢¥) byt = 2, T 4yt YT (L.2)

(p? — ¢+ N+ (2pg+ ) =&

To start, we carry out the following linear change of the phase variables:

5=pVIi—a p=eaV2 zn=vi¥V2 a=v+apV2i-a (1.3
Bi=y +oq VI m=y +a Vi t=4¥2

where s is an arbitrary parameter. In the new variables the system (l.1) and the integrals

(L.2)

can be written in the form

dx dy dz
7{-‘":915» _dtiz"zle""\’h ’d—;:ﬁx'*“!ﬁ (1.4)
da, dp dy,
'#’ = 258 — Yivs TEI' == — 2noy + Y — a2, '3—:' = — bny

Hy (@ 4 3 5P oy of 2a2 = by, oy A+ atay o+ By v — (1.5

Yo (2,2 + 1) = my; o+ B+ v+ o’y — etz + ) = F,
oy (2, — n®) + 2Bz — T Y @t PR dln = Ky
By = 3l — Yya?,  my =1V 2+ 3al — Yy 6%, E; = 1422V 2434a? —
b, Ky = K — 1—2al V2 — 34a? + Y,at

Next we carry out the nonlinear transformation

Ty = — My Yy = e MY,z =y b 2pg M =y M7,
My = %+ y 20

o == — oy 4 2 (242 — yi®) POIMLT — 202 2M

By = — By - hxyyyyy MM P - ety ML

The transformation is symmetric and equations (1.4), (1.5) become
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dz. dy» dz, dy (1.6)
“d-.:" =Yasy e = hDr Ve gy = B2 — 2myy,, -d—i" = Qglfs —~ fats
d
% = 22.0: — 4Ky vapa, Tﬁ:‘ = - 20,00 + 4K\ VaZy — a1,
zg* — 2y + dmyzy + 2K My = hy, a2y + Bavs + vz + adzy = Yya + mMy (1.7)

o (5g% = 1) + 2Byzgys — Vo2 + alz? + K MP =1,
a,® + Byt + 4Kyy,t + ata, — 202K M, = Ey, M, = 12 + 3t

Let m?+ K\?+ 0. We introduce another parameter A, putting A% = 4K,, ek = 2m;. It is clear
that real a and & satisfying the above relations exist. We find that using the transformation

E2] ]/f: Azy - a, ¥y VE": Ayy, zsﬂ"i:‘ 12«_53 = By — ey,
a3 = Uy — ahiy, V9 = Ay, — a4z, hb=% ¥V 2

we convert (1.6) into (l.1). Thus we see that the structure of the above three transformations
does not alter the form of the Euler —Poisson equations. Assume that

m, =0, Ky = (1.8}

Since dK,/da = — 2m,, the conditions adopted mean that the polynomial K,(a) has a multiple root.
Eliminating a, we obtain a unique constraint imposed on the initial parameters. Using the
conditions {1.8) we obtain, from (1.6) (neglecting for simplicity the indices accompanying the
variables and denoting the differentiation with respect to 1 by a dot)

= yz, y = —zz—9y, 2 =§ (1.9
a' = 28, f = — 2za — a?, Y = ay - pz
B —a=hy, (%4 aP)z+ By b yz =1, o 4 B2+ o%a = E,|
o (22 — ) + 2Bzy — P + ot =1,
2. Integration of the auxilliary system. The phase variables p,....Y of the
initial equations are Known rational functions of the guantities z,...,%. Therefore under

the conditions (1.8) the problem is reduced to that of finding the solutions of the system
{1.9). We note that the set of eguations
2 =8, a = 2p, f = — 2ia — a%: (2.1)
forms a closed subsystem. Both its integrals are already known: 8 —a = k), a? + B? —a%2 = 1. Let
us clarify the dependence of 3z, 2,8 on time, Clearly,
= g Bhy — a2 b L =B (2 — RY{(R, — )
Ry o=hy — 0 Fky B4R, = Bt —1
<1, 02K Ry iy >1, 0< R, <2KR,
For :z to be real, it is necessary and sufficient that R,>0. In what follows, we shall use a
different form of the solution of the subsystem (2,1). Its integrals imply (¢ is an auxil-
liary quantity)
o - Ya? = kcos 29, B = — ksin 2¢, @' =z, ¢ = — ksin 2¢
2= hy — Y,a 4 kcos 2¢
Let us find =z, ¥y and vy, noting the important relation
v ta)y=0
We find that the above linear equation is satisfied by the expression
T=Hy —Yya: (Hy=h —a¥
and we have
D2 Hyllgy* = VN, Ty — Ty = —p (2.2)

Hy=athy — 1, N =t H,

Let us assume that XN > 0. Then (2.2) yields

N HoHam? =Yy, qo= g (2.3)
Having obtained 1, we find

y=nN", T=N'n, Hye -+ lp= ~(HBy+ ¥ (2.4
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Below we give another relationship for finding i1, y and

T

HANZE - HoHGE =k, E = (24 Yy,aH Yy N7V (2,5
Ny=2— HH,0 >0, Hy=h2—1

We can now give a complete classification of the solutions depending onthe values of
NN P H <0 Hy > 0027 Hy 0, Hy < 0: 3° Hy > 0, Hy> 0, 4°. Hy > 0, Hy < 0, Hy < 0; 5% Hy > 00 Hy <C 0, Hy > 0

(a special case where N and N, have opposite signs); ° H,= U i° Hy=0; 8°. H, =0,
We have eight distinct cases. Equations (2.3) and (2.5) yield the solutions for the
first four cases
. 2 i, _i}"_ 3 1, . b
19 y= gy (- H)sh8 D= (2 —H)"ch8, 0= 55 >0

30 n ;
Hp 4 = — 5 (2= H) " (H,BshB4bch8), n=h"",
b=|HH|'" v =1

2°. By <0 y= (o Hysind, T nycoe
H,
H,z—}-%=—%(22»H,)""(Tlﬂsine—f-zcose). 0'-—=‘§-_f—37>0
o .
3. The calculations follow those of case 2°, but the sign of H, is different.

o a ol Hy \a R b2?
R T (*Z—T,) th0, O =g g >0
o Hyy-ts ch@
V=T(z'~7ﬂ_) (bz T, +Bsh9>
LR Hy -ty ch® <h 8\
r = 5 (z--jﬁ) I\.—hﬂ—”—;ﬁ—ll,z Hz/

o -
57. Under these conditions both A and XN, change their sign with time, therefore the
equations {(2.3) and {2.5) are no longer suitable. We shall use the relations (2.2), noting

that
ey ad @ ag? 0SB — bP sin? ¢, agt = k- bal, bl = k — Yya?

Let us write the first equation of (2.2) in the parametric form

13
r- 'T(uoco~q‘ch0+b‘,sru¢.~h9), y=—-2—};-(aocos<r&h0+b‘.s.lu(pche)
AY

i;g (l!,x—f———z—"/ = - RbycospchB4 Maosin@aki® — 20 {agcos @chB - boing h0)
The second equation of (2.2) yields & = —ab,(z-} #,79)1. When H,> 0, the quantity : has a de-
finite sign. We can assign the plus sign to it without loss of generality. We then find that
the quantity €' is negative and bounded.

6°. In this case the relation . (- «): =0, holds, and yields rapidly the values of
r, ¥y and ¥

Lro= Mkl a— ot Ly= =28 - 2ty Ly = wuf 4 2w — 25 o k!

fe =4y, u = >0
L0 . . :
7°. In this case we have the relation (cosq) - (:2-y «)cos¢ = ¢, and we obtain
Lr-iea=—hy teos, - usin§, Ty b — ucosq, Ly —tal =g L= 2 (et - k), o= 2l W reosig U

8°. The solution is obtained using the elementary methods.

Lr=a4 :u, Ly=Burt+u, Ly= —u—Pu:t
W=t — 1, 2t = (a? — Y. g =2 —a® L =2 (a® — hky)

3. Investigation of the motion. The solution of (1.9) has been constructed. By
virtue of the symmetrical character of the second transformation and the linearity of the first
transformation, we can express the unknown variables p,...y" very simply in terms of r;..v. In
the case of a quantitative investigation, it is sufficient to note that the expressions are
rational functions with unique denominators which never vanish. The motions of the top can be
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separated into two types of motion. The first type motions are oscillatory and obey the con-
dition H.H,>90. In all the remaining cases H;#,<0 and the motions are asymptotic. The Bobylev
— Steklov motion determines the limiting mode. Indeed, for the given conditions we find that
Iy 00, Yy, — 00, Yp~s00,and hence p-—const, ¢ —0, v -+rp—-0 as t—oo, which characterizes only the
motion in question. We shall indicate a connection with the classical study of Kovalevskaia.
The conditions m, =0, Ky=0 are the conditions for the roots of the polynomial ¢ () to be multi-
ple. The egquations H, =0 (v=1, 2,3 construe the conditions of additional multiplicity of the
roots of the polynomial F(s).

4. Second class of motions. We consider the motion of a top under the constraints
i=10,3;, =k This represents according to Appel'rot a particular variant of the simplest third
class motions. Starting directly from the Euler —Poisson eguations, we introduce three new
variables p, ¢ and 8, as follows /7/:

2p=psin®, r=pcos® v+ p?—g*=kecos2p, ¥ -+ 2pg=—ksinl¢ (4.1)

Calculations yield
§ =g+ kp~tsinBsin 29, 29 =pcosh

Using the known integrals, we obtain the required equations for determining ¢ and 8

. ) ‘ (Ol — k) 2 —1.5sin?0) | 20
20" c030 L 02— 31, 5in 0 cos® 8 4 AT -+ o =0 (4.2)
20 = cos? 8 (34 — k + 2k cost ) {4.3)
When ! =0 and 3, =k, egquation (4.2) can be integrated to yield
02 == cos 0 (¢ — 3, cos B), & = const (4.4)

Taking the integrals into account, we find that g ={.

Let us indicate certain simple, but important inegualities. In the nontrivial case we
have [, >0. From {4.4) it follows that if e=-+1, then «cos¥>0, and if e= —1, then cos8 0.
Thus cos® retains its sign during the motion and this implies that r has a definite sign. We
can put i>0, i.e. &¢=+41, without loss of generality. Let us now find ¢. Assume that at
some time p=0. Then r==0,p=20,9 = 0. Such initial conditions characterize a rcotation about
a fixed axis only, therefore we shall assume that p= 0. Then from p?= 4kcos’e it follows that
cos ¢ 5= 0. We can assume without loss of generality that cos¢ > 0. Further, using the fact that

r=2¢p, we find that ¢ >»0. It follows that we can simplify (4.3) to obtain

@ =pcospeosh, ut=14k u>»0
The substitution

1
COSQ =" sing=tht, 1= Scosedr-f—const
is expedient.

5. Solution of the Euler— Poisson system. Let us inspect the properties of the
angle 6. We write the eguation (4.4) in the form (0): 4+ (1 —2u2cos9)?* =1. In the parametric
form this equation becomes

28" =sins, 1 - 2ucos® = cos o
wWe find that
¢ = —psinf, 26" = ~sincecosH, 20" = —sinHcos s
and finally we obtain
28, = —~sin 8;, 6,7 = cos B, ;- u* (B, = 8 -+ ) (3.1
If we make the body rotate about a fixed horizontal axis coinciding with the axis of inertia

y, making use of all energy possesed by the body in real motion, then the equation of motion
of such a rotation is given by the last relation. We shall also show how to find 1

1 Cut 0,2
tx=—~-§-—!nA+pSLA—‘—d€, A =1} 4u%, 2
Finally, we write the solution of the initial Euler- Poisson equations in the form

p=~Scos¢p, g=06singp-+0, r=2¢, ¢ = _psinh, € =1Yplsins
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¢ =pcosBecosq, 2u%cosO =1 —coss

y = c08 8 (cos® ¢ 4 cos 5 sind @) — sin Hsin S sin ¢
¥ = --cos ¢ [sin 0 sin 6 + (1 — cos o) cos B sin ¢)
¥y = cos Bsins sin¢ + sin O cos o

6. Properties of the motion. The solution obtained makes it easy tc establish the
laws of motion of the real motion of the body. Making ¢—o0 we find that 1-+-mo,sing¢ — f, and
from this follows p—0,r— 0,7 --0. The precession angle ¢ is found from the expression ¥y (y -
¥YH=py-tgy. As ¢—o, the precession rate ¢ —0, while the angle y itself tends to a fin-
ite limit. Thus, as ¢--o the motion of the body tends to a limiting motion, namely to the
rotation about a fixed horizontal axis coinciding with the principal axis of inertia y, ac-
cording to the law (5.1) of the physical pendulum.

We shall note another specific feature helpful in describing the pattern of motion. We
know that cesf vanishes periodically. When it does vanish, we have 6 =0, coss -t and hence
r =49, y=7y =0 Furthermore the energy integral yields p?-+4 ¢ :: 34,. This means that at these
particular instances the dynamic symmetry axis : becomes vertical and the angular velocity
vector, which has at all these instances the same absolute value, becomes horizontal. This
situation is repeated after every period of the pendulum (5.1).
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